Section 16.5:
Curl and Divergence



What We’ll Learn In Section 16.5

he Del Operator

. Gradient, Curl, and Divergence (general)
. Curl / Results About Curl

. Divergence / Results About Divergence

. Updated Green’s Theorem Notation
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1. The Del Operator

An operator Is a function whose Inputs are
functions and whose outputs are functions.

i i i d
The most common one Is the derivative operator —

but there are many others. (Examples on board)
Operators don’t really make sense on their own.
They are just objects waiting around for you to give
them a function, then the operator will “act” on the
function and transform it into another function.
When an operator acts on a function, the notation
we use will look like multiplication, but it’s not.
Operators should always be written on the left of
the function that it Is acting on.



1. The Del Operator

The del operator , notation V . IS the vector with the

o 0
operators —, —, and — In It in that order.
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On 1t’s own, 1t doesn’t mean much. But... it makes
sense when you combine It with a scalar (function) or
another vector (field).

3 ways of multiplying with vectors...



2. Gradient, Curl and Divergence (general)
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Gradient gradf = Vf
0 0 0 _Of of of _

“ox'9y'9z 70 T “ax'9y0z°




2. Gradient, Curl and Divergence (general)
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2. Gradient, Curl and Divergence (general)
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Divergence divF = V-F
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3. Curl / Results About Curl
Ex1: If F=<xz xyz, —y2 >, find curl F.



3. Curl / Results About Curl

If f is a function of three variables that has continuous

second-order partial derivatives, then

curl(Vf) =0

Proof ?

Note: This gives us a way to show that a 3-component
vector field iIs NOT conservative.



3. Curl / Results About Curl
Ex 2: Show that the vector field F =< xz, xyz, —y? > is not conservative.



3. Curl / Results About Curl

Recall: Results from section 16.2...
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IfF(z,y) = P(z,y) i+ Q (z,y) jis a conservative vector field, where P and @

have continuous first-order partial derivatives on a domain D, then throughout
D we have ap aQ
Oy ox

Let F = Pi+ @ j be a vector field on an open simply-connected region D.
Suppose that P and @ have continuous first-order partial derivatives and
OP  0Q
E — 8_ throughout D
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Then F is conservative.




3. Curl / Results About Curl
For 3-component vector fields, we now have...
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If f is a function of three variables that has continuous

second-order partial derivatives, then

curl (Vf) =0

4]

If F is a vector field defined on all of R* whose component
functions have continuous partial derivatives and curl F = 0,

then F is a conservative vector field.




3. Curl / Results About Curl

Ex 3:
a) Showthat F =< y2z3, 2xyz3, 3xy2z2 > is a conservative vector field.
b) Find a function f suchthat F = Vf.



3. Curl / Results About Curl
Why the name Curl?
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4. Divergence / Results About Divergence
Ex4: If F=<xz, xyz, —y2 >, find divF.



4. Divergence / Results About Divergence
@

IfF=Pi+ Qj+ Rkis avector field on R? and P, Q, and R

have continuous second-order partial derivatives, then

divcurl F =0

Proof ?




4. Divergence / Results About Divergence

Ex 5: Show that the vector field F =< xz, xyz, —y? > can’t be written as the
curl of another vector field, thatis, F # curl G.



5. Updated Green’s Theorem Notation
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5. Updated Green’s Theorem Notation
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